Introduction
Abstract coarse structures were introduced by J.Roe [11] (see [10] for another exposition of coarse theory). Subsequently, equivalent structures, called large scale structures were introduced by J.Dydak and C.Hoffland [2] . This paper is devoted to a much simpler definition of majority of useful coarse structures. Namely, they are equivalence relations on the set of simple ends of sets equipped with a bounded structure.
Bounded structures and simple ends
This section is devoted to the first step in defining simple coarse structures. Namely, in order to define simple ends we need the concept of a bounded structure. The concept of ends is well-developed in the literature (see [9] , for example). Notice that those ends are usually equivalence classes of our simple ends.
2.
A ∈ B if there is C ∈ B containing A, 3. A ∪ C ∈ B if A, C ∈ B and A ∩ C = ∅.
Elements of B are called bounded subsets of X.
Observation 2.2. Notice the difference between the notion of a bounded structure and that of a bornology (see [1] and [6] ). Namely, each bornology is closed under arbitrary finite unions and a bounded structure is closed under finite unions of bounded sets that have non-empty intersection.
Definition 2.3. Suppose (X, B) is a set X equipped with a bounded structure B.
A simple end in (X, B) is a sequence {x n } ∞ n=1 in X with the property that for any bounded set A the set {n ∈ N | x n ∈ A} is finite. Example 2.5. Any topological space (X, T ) induces the bounded structure T c consisting of pre-compact subsets of X, i.e. of subsets whose closure in X is compact. If X is locally compact, then a sequence {x n } ∞ n=1 in X is a simple end if and only if lim n→∞ x n = ∞ in the one-point compactification X ∪ {∞} of X. Example 2.6. Any group G induces the bounded structure G f consisting of finite subsets of G. If G is finitely generated and d is a left-invariant word metric on G, then a sequence {x n } ∞ n=1 in G is a simple end if and only if lim n→∞ d(x n , p) = ∞ for some, and hence for all, p ∈ G.
Remark 2.7. It is tempting to define simple ends directly, bypassing bounded structures. That means creating axioms along the following lines: SE is a set of simple ends if it has the following properties: 1. Every infinite subsequence of s ∈ SE belongs to SE, 2. No constant sequence belongs to SE.
Such SE would lead to a bounded structure B: B ∈ B if and only if no sequence in B belongs to SE. However, B is always a bornology, so that leads to a less general concept.
Simple coarse structures
Definition 3.1. Suppose (X, B) is a set X equipped with a bounded structure B. A simple coarse structure in X is an equivalence relation on the set of simple ends of (X, B). X ⊂X and the topology T is identical with the one induced on X by the metric d) induces the simple coarse structure SCS m (X, X) on X as follows: 1. its bounded sets are subsets B of X so that there is ǫ > 0 with dist(b,X \ X) > ǫ for all b ∈ B, 2. two simple ends {x n } ∞ n=1 and {y n } ∞ n=1 are equivalent if and only if lim n→∞ d(x n , y n ) = 0.
Example 3.5. Any extensionX of a topological space (X, T ) (i.e. X ⊂X and the topology T is identical with the one induced on X fromX) induces the simple coarse structure SCS(X, X) on X as follows: 1. its bounded sets are subsets of X whose closure inX is contained in X, 2. two simple ends {x n } and
is a set equipped with a bounded structure and P is a family of functions from X to [0, 1]. P induces the simple coarse structure SCS P on X as follows: 1. its bounded sets are the same as in B, 2. two simple ends {x n } ∞ n=1 and {y n } ∞ n=1 are equivalent if and only if lim
Remark 3.7. Obviously, 3.6 can be generalized to any family of functions to, possibly different, metric spaces. However, maps to the unit interval are of most interest.
Example 3.8. Any group G has the simple coarse structure SCS l (G) as follows: two simple ends {x n } ∞ n=1 and {y n } ∞ n=1 are equivalent if and only if there is a finite subset F of G such that x −1 n · y n ∈ F for all n ≥ 1. The above example can be generalized to the next one: Example 3.9. Any topological group G induces the simple coarse structure SCS l (G) on G as follows: two simple ends {x n } ∞ n=1 and {y n } ∞ n=1 are equivalent if and only if there is a compact subset F of G such that x −1 n · y n ∈ F for all n ≥ 1. Given a metric space (X, d), the Gromov product of x and y with respect to a ∈ X is defined by
Recall that metric space (X, d) is (Gromov) δ−hyperbolic if it satisfies the δ/4-inequality:
x, y a ≥ min{ x, z a , z, y a } − δ/4, ∀x, y, z, a ∈ X.
(X, d) is Gromov hyperbolic if it is δ−hyperbolic for some δ > 0.
Example 3.10. Any Gromov hyperbolic space X induces the simple coarse structure H(X) on X as follows: two simple ends {x n } ∞ n=1 and {y n } ∞ n=1 are equivalent if and only if and only if x n , y n p → ∞ for some point p ∈ X. Theorem 3.11. Suppose X is a σ-compact locally compact Hausdorff space. IfX is a compactification of X, then the following two simple coarse structures induced on X and based on pre-compact subsets of X are equal: 1. two simple ends {x n } ∞ n=1 and {y n } ∞ n=1 are equivalent if and only if, for any function a : N → N with lim n→∞ a(n) = ∞, the coronas of closures inX of {x a(n) } ∞ n=1
and {y a(n) } are disjoint. In that case one can construct a continuous function f onX that is equal 0 on one corona and 1 on the other.
Roe coarse structures and large scale structures
For basic facts related to the coarse category see [11] . Recall that a coarse structure C on X is a family of subsets E (called controlled sets) of X × X satisfying the following properties:
(1) The diagonal ∆ = {(x, x)} x∈X belongs to C.
, where E • F consists of (x, y) such that there is z ∈ X so that (x, z) ∈ E and (z, y) ∈ F . Recall that the star st(B, U) of a subset B of X with respect to a family U of subsets of X is the union of those elements of U that intersect B. Given two families B and U of subsets of X, st(B, U) is the family {st(B, U)}, B ∈ B, of all stars of elements of B with respect to U. Definition 4.1.
[2] A large scale structure LSS X on a set X is a non-empty set of families B of subsets of X (called uniformly bounded or uniformly LSS Xbounded once LSS X is fixed) satisfying the following conditions:
(1) B 1 ∈ LSS X implies B 2 ∈ LSS X if each element of B 2 consisting of more than one point is contained in some element of
As described in [2] the transition between the two structures is as follows: 1. Given a uniformly bounded cover U of X, the set B∈U B × B is a controlled set, 2. Given a controlled set E, the family {E[x]} x∈X is uniformly bounded, where
Definition 4.2. Suppose (X, B) is a set X equipped with a bounded structure B. A medium end in (X, B) is a sequence {B n } ∞ n=1 of bounded non-empty subsets of X with the property that for any bounded set A the set {n ∈ N | B n ∩ A = ∅} is finite.
A simple coarse structure allows for defining of uniform boundedness of medium ends.
Definition 4.3. Suppose (X, B) is a set X equipped with a bounded structure B and SCS is a simple course structure on (X, B). A medium end {B n } ∞ n=1 in (X, B) is uniformly bounded if for any choice x n , y n ∈ B n the two simple ends {x n } ∞ n=1
and {y n } ∞ n=1 are equivalent. Definition 4.4. A simple coarse structure SCS is reflexive if for any two equivalent simple ends {x n } ∞ n=1 and {y n } ∞ n=1 in X, {{x n , y n }} ∞ n=1 is a uniformly bounded medium end. Proposition 4.6. Suppose (X, B) is a set X equipped with a bounded structure B and SCS is a reflexive simple course structure on (X, B). Given two uniformly bounded medium ends
is a medium end. Suppose t n ∈ B n ∪ C n for each n. Pick z n ∈ B n ∩ C n for each n ≥ 1 so that z n = t n if t n ∈ B n ∩ C n . Given n ≥ 1 we define x n to be equal to t n if t n ∈ B n , otherwise x n = z n . Similarly, we define y n to be equal to t n if t n ∈ C n , otherwise y n = z n .
, and {z n } ∞ n=1 are three equivalent simple ends, hence {{x n , y n }} ∞ n=1 is a uniformly bounded medium end. Since t n ∈ {{x n , y n }} for each n, {t n } n≥1 is equivalent to {z n } n≥1 .
What that shows is that any simple end t n ∈ B n ∪ C n is equivalent to one that is contained in B n ∩C n , hence two simple ends {t n } n≥1 , {s n } n≥1 with s n , t n ∈ B n ∪C n for each n ≥ 1 are equivalent and {B n ∪ C n } ∞ n=1 is a uniformly bounded medium end.
Definition 4.7. Suppose LSS is a large scale structure on a set X. The induced simple coarse structure SCS(LSS) is defined as follows: 1. bounded sets in SCS(LSS) are the same as bounded sets in LSS, 2. two simple ends {x n } ∞ n=1 and {y n } ∞ n=1 are equivalent if and only if {{x n , y n }} ∞ n=1 is uniformly bounded in LSS.
Corollary 4.8. Any simple coarse structure SCS on a set X induced by a large scale structure LSS is reflexive.
Proposition 4.9. Suppose SCS is a reflexive simple coarse structure on a set X. The familiy of all covers U of X satisfying conditions 1) and 2) below forms a large scale structure on X whose bounded sets are the same as SCS: 1. st(B, U) is bounded for each bounded set B, 2. Any medium end consisting of elements of U is uniformly bounded in SCS.
Proof. It suffices to show that, given two covers U and V of X satisfying conditions 1) and 2), the cover st(U, V) := {st(U, V) | U ∈ U} satisfies conditions 1) and 2).
Since
and {y n } ∞ n=1 are equivalent simple ends and {st(U n , V)} n≥1 is a uniformly bounded medium end. Definition 4.10. Suppose SCS is a reflexive simple coarse structure on a set X. The induced large scale structure LSS(SCS) consists of covers U of X satisfying the following conditions: 1. st(B, U) is bounded for each bounded set B, 2. Any medium end consisting of elements of U is uniformly bounded. Proposition 4.11. Suppose (X, d) is a metric space. The coarse structure induced by the simple coarse structure SCS(C 0 ) d (see 3. 3) is the C 0 coarse structure of N.Wright [12] .
Proof. In the language of large scale structures, a family U of d-bounded subsets of X is uniformly bounded in C 0 if and only if, for each ǫ > 0, there is a d-bounded subset B with the property that any U ∈ U intersecting X \ B, U \ B is of diameter at most ǫ. Therefore, given two simple ends {x n } ∞ n=1 and {y n } ∞ n=1 such that for some elements U n of U one has x n , y n ∈ U n , one can easily see lim
Conversely, suppose U belongs to the large scale structure induced by SCS(C 0 ) d but there is ǫ > 0 such that for each n-ball B(x 0 , n) there is U n ∈ U with the diameter of U n \ B(x 0 , n) being larger than ǫ. Therefore, one can construct two simple ends {x n } ∞ n=1 and {y n } ∞ n=1 such that x n , y n ∈ U n yet lim n→∞ d(x n , y n ) = 0, a contradiction. Definition 4.12. A large scale structure LSS is reflexive if LSS(SCS(LSS)) = LSS. Corollary 4.13. Any large scale structure LSS on a set X induced by a reflexive simple coarse structure SCS is reflexive.
Theorem 4.14. Any large scale structure LSS on a countable set X whose bounded sets are exactly finite subsets of X is reflexive.
Proof. Let SCS be the simple coarse structure induced by LSS and suppose U is a cover of X consisting of finite subsets of X such that any medium end {U n } n≥1 , U n ∈ U for each n ≥ 1, is uniformly bounded in SCS. Choose a k ∈ U k for each k ≥ 1 and let {x n } n≥1 be the sequence of points obtained as follows: a 1 is repeated |U 1 |-times, a 2 is repeated |U 2 |-times, and so on. Let {y n } n≥1 be the sequence of points obtained as follows: we list all points of U 1 , then we list all points of U 2 , and so on. In the same way we create a medium end {V n } n≥1 in U: U 1 is repeated |U 1 |-times, U 2 is repeated |U 2 |-times, and so on. Since {V n } n≥1 is a uniformly bounded medium end and x n , y n ∈ V n for each n ≥ 1, {x n } n≥1 and {y n } n≥1 are equivalent in SCS, hence W := {{x n , y n }} n≥1 is uniformly bounded in LSS. Therefore {st(x n , W)} n≥1 is uniformly bounded in LSS. Since U n ⊂ st(x n , W) for each n ≥ 1, {U n } n≥1 is uniformly bounded in LSS.
Given a uniformly bounded cover V in LSS(SCS) we remove multiple copies of the same bounded set and we enumerate remaining elements as {V n } n≥1 . Notice each point x of X belongs to finitely many elements of {V n } n≥1 as otherwise we would detect multiple copies of the same set in {V n } n≥1 . Therefore {V n } n≥1 is a medium end. Since we just proved that {V n } n≥1 is uniformly bounded in LSS, V is uniformly bounded in LSS.
Example 4.15. Consider an uncountable group G and let LSS be the large scale structure on G consisting of covers that refine covers U of the following form: there is a finite subset F of G containing 1 G and a countable subset A of G so that U = {x · F } x∈A ∪ {{g}} g∈G\A . LSS is not reflexive.
Proof. SCS(LSS) has the same equivalency of ends as the standard left-invariant structure G l on G (see 3.8). However, LSS(G l ) is a bigger structure than LSS. Namely, it is generated by covers of G of the form {x · F } x∈G , where F is a finite subset of G. Question 4.16. Suppose LSS is a large scale structure on a set X whose bounded structure has a countable basis. Is LSS reflexive?
Slowly oscillating functions and Higson corona
In this section we generalize the concept of slowly oscillating functions from coarse structures to simple coarse structures.
Definition 5.1. Suppose LSS is a large scale structure on a set X so that all finite subset of X are bounded. A function f : X → Y from X to a metric space Y is slowly oscillating if for any uniformly bounded family U and any ǫ > 0 there is a bounded subset B of X such that for any U ∈ U missing B one has diam(f (U )) < ǫ. 
Proposition 5.3. Suppose LSS is a large scale structure on a set X so that all finite subset of X are bounded. If a function f : X → Y from X to a metric space Y is slowly oscillating, then it is slowly oscillating from the point of view of the induced simple scale structure on X.
Proof. Suppose f is slowly oscillating with respect to LSS and {x n } ∞ n=1 and {y n } ∞ n=1
are two simple ends that are equivalent. Therefore, U := {{x n , y n }} n≥1 is a uniformly bounded family and for any ǫ > 0 there is a bounded set B in X such that if both x n and y n are outside B, then d Y (f (x n ), f (y n )) < ǫ. Since that holds for all but finitely many n,
Proposition 5.4. Suppose SCS is a reflexive simple coarse structure on a set X so that every finite subset of X is bounded and there is a countable basis of bounded sets in X. If a function f : X → Y from X to a metric space Y is slowly oscillating, then it is slowly oscillating from the point of view of the induced large scale structure on X.
Proof. Suppose f is slowly oscillating but is not slowly oscillating from the point of view of the induced large scale structure on X. That means there is a uniformly bounded family U and ǫ > 0 such that for any bounded subset B of X there is U n ∈ U missing B so that diam(f (U n )) > ǫ. Choose an increasing sequence B n of bounded subsets of X that is a basis for all bounded subsets of X. Choose
and {y n } ∞ n=1 are equivalent simple ends and
Definition 5.5. Suppose X is a locally compact Hausdorff space and SCS is a simple coarse structure on X. SCS is compatible with the topology on X if the bounded sets of SCS coincide with pre-compact sets of X. Definition 5.6. Suppose X is a locally compact Hausdorff space and SCS is a simple coarse structure on X that is compatible with the topology on X. The Higson compactificationX of X is the compactification such that f :X → [0, 1] is continuous if and only f |X is continuous and slowly oscillating.
The geometric Higson corona of SCS is defined asX \ X.
Theorem 5.7. Suppose X is a σ-compact locally compact Hausdorff space andX is a compactification of X such that each point of the coronaX \ X has a countable basis of neighborhoods. The Higson compactification of X with respect to the simple coarse structure induced byX is identical withX.
Proof. It suffices to show that slowly oscillating continuous functions on X are exactly those that extend continuously overX. Given a continuous function f :X → [0, 1] and given two equivalent simple ends {x n } ∞ n=1 and {y n } ∞ n=1 such that |f (x n )−f (y n )| does not converge to 0 as n → ∞, we can (by switching to a subsequence) assume that lim n→∞ f (x n ) = u, lim n→∞ f (y n ) = v and u = v. That implies that all the points in the corona of {x n } ∞ n=1 are mapped by f to u and all the points in the corona of {y n } ∞ n=1 are mapped by f to v, a contradiction since those coronas are identical.
Suppose g : X → [0, 1] is continuous and slowly continuous with respect to the simple coarse structure induced byX. Given x ∈X \ X, consider the intersection of closures of all sets f (A ∩ X), A ranging over all closed neighborhoods of x inX.
That intersection must consist of exactly one point and that point is defined as the value of g(x). That results in an extension of g to a continuous function onX.
Indeed, we may consider only a basis {A n } n≥1 of closed neighborhoods of x in X. In that case any two sequences x n , y n ∈ A n \ X form equivalent simple ends, so lim n→∞ |f (x n ) − f (y n )| = 0 and ∞ n=1 cl(f (A n ∩ X)) must be a single point.
Ifḡ is not continuous at x ∈X \ X, then there is a sequence z n ∈X \ X converging to x such that lim n→∞ḡ (z n ) exists and is not equal toḡ(x). In that case we may shadow {z n } n≥1 by a sequence {x n } n≥1 in X that converges to x and lim n→∞ḡ (z n ) = lim n→∞ g(x n ), a contradiction since the latter limit isḡ(x).
Theorem 5.8. If X is a Gromov hyperbolic space, then the Higson corona of the induced simple coarse structure equals the Gromov boundary of X if X is proper and geodesic.
Proof. Consider the Gromov compactificationX = X ∪ ∂X of X obtained by adding the Gromov boundary ∂X to X. We need to show that the induced simple coarse structure on X fromX is identical with the one determined by the Gromov hyperbolic metric on X.
Let a be a fixed basepoint of X. As described in [7] (Definition 2.9), ∂X consists of equivalence classes [{x n } n≥1 ] of sequences {x n } n≥1 converging to infinity in X. That means lim inf i,j→∞ x i , x j a = ∞ and two sequences converging to infinity {x n } n≥1 and {y n } n≥1 are equivalent if lim inf i,j→∞
Notice that a simple end {x n } n≥1 converges to p ∈ ∂X if and only if {x n } n≥1 converges to infinity and is equivalent to p.
We need to show that, given two simple ends {x n } n≥1 and {y n } n≥1 in X, the condition lim Suppose there is a strictly increasing function b : N → N and r > 0 such that x b(n) , y b(n) a < r for all n ≥ 1. We may assume each sequence {x b(n) } n≥1 and {y b(n) } n≥1 converges to infinity. In that case they converge to different points in ∂X, a contradiction.
Suppose p ∈ ∂X belongs to the closure of {x b(n) } ∞ n=1 for some strictly increasing function b : N → N. We may assume {x b(n) } n≥1 and {y b(n) } n≥1 converges to infinity, hence it converges to p. Since lim n→∞ x b(n) , y b(n) a = ∞ and we can choose a subsequence of {y b(n) } n≥1 converging to infinity, p also belongs to the closure of {y b(n) } n≥1 .
Freundenthal compactification is a Higson compactification
In this section we describe how Freundenthal compactification can be viewed from the point of view of simple coarse theory.
Definition 6.1. Suppose X is a σ-compact locally compact and locally connected Hausdorff space. Two simple ends {x n } ∞ n=1 and {y n } ∞ n=1 are Freundenthalequivalent if and only if there is no compact subset K of X and a component U of X \ K that contains infinitely many points of one end and only finitely many points of the other end.
Equivalently, for any strictly increasing function a : N → N and for any compact subset K of X the following conditions hold for any component U of X \ K: 1. {x a(n) } ∞ n=1 ⊂ U implies y a(n) ∈ U for almost all n, 2. {y a(n) } ∞ n=1 ⊂ U implies x a(n) ∈ U for almost all n. Theorem 6.2. Suppose X is a σ-compact locally compact and locally connected Hausdorff space. The Higson compactificationX of the simple coarse structure on X induced by the Freundenthal-equivalence is the Freundenthal compactification of X.
Proof. What we need to prove (see [9] ) is thatX \ X is of dimension 0 andX dominates any compactificationX of X whose corona is of dimension 0.
SupposeX is a compactification of X whose corona is of dimension 0. Consider a continuous f :X → [0, 1] and assume there are two simple ends {x n } ∞ n=1 and {y n } ∞ n=1 that are Freundenthal-equivalent but, for some ǫ > 0, one has |f (x n ) − f (y n )| > ǫ for all n ≥ 1. Therefore coronas of {x n } ∞ n=1 and {y n } ∞ n=1 are disjoint and there are two disjoint open sets U and V ofX such thatX \ X ⊂ U ∪ V , the corona of {x n } ∞ n=1 is contained in U , and the corona of {y n } ∞ n=1 is contained in V . Put K =X \ (U ∪ V ) and notice the existence of a component of X \ K that contains an infinite subsequence {x a(n) } ∞ n=1 but none of {y a(n) } ∞ n=1 , a contradiction. Pick an increasing sequence {K n } n≥1 of compact subsets of X whose union is X and K n ⊂ int(K n+1 for all n ≥ 1. Notice that the corona of each component U of X \ K n , n ≥ 1, is open-closed inX \ X. Indeed there is a continuous slowly oscillating function on X that equals 0 on U \ K n+1 and equals 1 on X \ (U ∪ K n+1 . Its extension overX has only two values onX \ X: 0 on the corona of U and 1 on its complement inX \ X.
Given any decreasing sequence {U n } n≥1 of components of X\K n , the intersection of their closures inX must be a point and each point inX \ X belongs to such intersection. ThusX \ X is of dimension 0. Indeed, given any slowly oscillating continuous function f : X → [0, 1], the diameters of f (U n ) must converge to 0 as otherwise there are Freundenthal-equivalent ends {x n } ∞ n=1 and {y n } ∞ n=1 such that |f (x n ) − f (y n )| does not converge to 0.
Applications
In this section we extend results of Mine-Yamashita [8] while providing very simple proofs of them.
First, we will translate concepts from coarse theory to simple coarse theory.
Proposition 7.1. Suppose SCS X is a reflexive simple coarse structure on a set X inducing the large scale structure LSS(SCS X ) so that every unbounded subset of X contains a simple end. Suppose SCS Y is a reflexive simple coarse structure on a set Y inducing the large scale structure LSS(SCS Y ). If f is a function from X to Y , then the following conditions are equivalent: 1. f is bornologous when considered as a function from (X, LSS(SCS X )) to (Y, LSS(SCS Y )), 2. f preserves bounded sets and, for any two equivalent simple ends {x n } ∞ n=1 and {y n } ∞ n=1 in X, either one of the sequences {f (
is not a simple end in Y or both of them are simple ends in Y and they are equivalent.
Proof. f being bornologous means it preserves uniformly bounded families. 1) =⇒ 2). Given any two simple ends {x n } ∞ n=1 and {y n } ∞ n=1 in X, {{x n , y n }} n≥1 is uniformly bounded, hence {{f (x n ), f (y n )}} n≥1 is uniformly bounded and {f (x n )} ∞ n=1 , {f (y n )} ∞ n=1 are equivalent in Y if they are simple ends. 2) =⇒ 1). Suppose U is a uniformly bounded cover of X. To show f (U) is uniformly bounded consider a medium end {f (U n )} n≥1 in Y , where U n ∈ U. Notice {U n } n≥1 is a medium end in X. Given x n , y n ∈ U n , both {x n } ∞ n=1 and {y n } ∞ n=1 are equivalent simple ends in X. Therefore {f (x n )} ∞ n=1 and {f (y n )} ∞ n=1 are equivalent simple ends in Y proving that {f (U n )} n≥1 is uniformly bounded in Y .
Corollary 7.2. Suppose SCS X is a reflexive simple coarse structure on a set X inducing the large scale structure LSS(SCS X ) so that every unbounded subset of X contains a simple end. Suppose SCS Y is a reflexive simple coarse structure on a set Y inducing the large scale structure LSS(SCS Y ). If f is a function from X to Y , then the following conditions are equivalent: 1. f is coarse bornologous when considered as a function from (X, LSS(SCS X )) to (Y, LSS(SCS Y )), 2. f preserves bounded sets, preserves simple ends, and preserves equivalence of ends.
Proof. f being coarse bornologous means it co-preserves bounded sets and preserves uniformly bounded families.
is not a simple end in Y . Therefore, there is a bounded subset B of Y such that {n ∈ N | f (x n ) ∈ B} is infinite. Consequently, {n ∈ N | x n ∈ f −1 (B)} is infinite, a contradiction as f −1 (B) is a bounded subset of X.
2) =⇒ 1). f co-preserves bounded sets. Indeed, if f −1 (B) is unbounded in X for some bounded subset B of Y , then it contains a simple end that cannot be mapped to a simple end in Y . Corollary 7.3. Suppose SCS X is a reflexive simple coarse structure on a set X inducing the large scale structure LSS(SCS X ) so that every unbounded subset of X contains a simple end. Suppose SCS Y is a reflexive simple coarse structure on a set Y inducing the large scale structure LSS(SCS Y ). If f, g are functions from X to Y preserving bounded sets, preserving simple ends, and preserving equivalence of ends, then the following conditions are equivalent: 1. f and g are close coarse bornologous functions when considered as functions
are simple ends in Y and they are equivalent.
Proof. f and g being close means that {f (x), g(x)} x∈X is a uniformly bounded family in Y . Therefore 1 =⇒ 2) is obvious.
2) =⇒ 1). Given a medium end {f (x n ), g(x n )} n≥1 , {x n } ∞ n=1 is a simple end in X. Since {f (x n )} ∞ n=1 and {g(x n )} ∞ n=1 are equivalent and the simple coarse structure on Y is reflexive, {f (x n ), g(x n )} n≥1 is uniformly bounded. Thus, {f (x), g(x)} x∈X is a uniformly bounded family in Y .
Example 7.4. Given a Frechet space X (see [3] ), let B be the family of all its finite subsets. Two simple ends in (X, B) are declared equivalent if either they are identical or they converge to the same point. Then, any function f : X → Y between Frechet spaces is bornologous if it is continuous.
Proof. Let A :=X \ X and B :=Ȳ \ Y . Given a sequence {x n } n≥1 in X converging to a point a ∈ A,f (x n ) converges tof (a). Therefore point-inverse underf of a bounded set in Y is bounded in X.
Suppose {x n } ∞ n=1 and {y n } ∞ n=1 are two equivalent simple ends in X such that {f (x n )} ∞ n=1 and {f (y n )} ∞ n=1 are not equivalent. Without loss of generality we may assume existence of ǫ > 0 such that
,f (b)) < ǫ if a ∈ A and b ∈X are at distance less than δ. We can find n large enough that d X (x n , y n ) < δ/2 and there is a ∈ A so that d X (a, Proof. Suppose f : X → Y is coarse bornologous. Given x ∈ A choose a sequence {x n } n≥1 in X converging to x. Notice {f (x n )} n≥1 is a Cauchy sequence. Choose
. Notice {y n } n≥1 is a Cauchy sequence in B, hence it converges to y ∈ B. We definef (x) to be y.f is welldefined as f preserves equivalency of simple ends.
Noticef is continuous at each point of A due to the wayf was defined. Iff is not uniformly continuous on A, we can find a simple end {x n } n≥1 in X and a sequence {y n } n≥1 in B such that lim
In that case {z n } n≥1 is a simple end equivalent to {x n } n≥1 . However, simple ends {f (z n )} n≥1 and {f (x n )} n≥1 are not equivalent, a contradiction. Proof. Let A :=X \ X and B :=Ȳ \ Y . Send all points in X whose distance to A is at least 1 to some fixed point y 0 ∈ Y . Given m > 0 and x ∈ X at the distance from A belonging to [1/(m + 1), 1/m), find n such that the Hausdorff distance from Y n is smaller than 1/m, then find a point
, and finally find a point y
Notice {x n } From the construction we can see thatḡ|X : X → Y preserves bounded sets. Thus,ḡ|X is a coarse bornologous function.
If h :X →Ȳ is another extension of g satisfying Conditions 1)-3) above, then all we have to show that {h(x),ḡ(x)} x∈X is a uniformly bounded family in Y . Indeed, otherwise there is a sequence {x n } n≥1 in X converging to a ∈ A such that {h(x n )} n≥1 is not equivalent to {ḡ(x n )} n≥1 . However, both these sequences converge to g(a), a contradiction. Proof. Given n ≥ 1 coverȲ \ Y by finitely many balls of radius 1/n centered in some points ofȲ . In each ball select a point belonging to Y and declare the set of all such points to be Y n . Notice {Y n } n≥1 converges toȲ \ Y in the Hausdorff metric such that for some decreasing sequence ǫ n of positive numbers Y n is outside the ǫ n -ball aroundȲ \ Y . Definition 7.10. Let (X, d) be a metric space and n ≥ 0. The uniform dimension of (X, d) is at most n if every uniform cover U of X has a uniform refinement V such that each point x ∈ X belongs to at most n + 1 elements of V.
A uniform cover W of X is a cover such that for some r > 0 the cover {B(x, r)} x∈X of X by all r-balls refines W. Thus, all open covers of a compact metric space X are uniform and the uniform dimension of X equals its covering dimension.
Theorem 7.11. Suppose (X, d X ) is a metric space and X ⊂X is a proper open dense subset such that there is a sequence of subsets X n converging toX \ X in the Hausdorff metric so that for some decreasing sequence ǫ n of positive numbers each X n is outside the ǫ n -ball aroundX \ X. Consider the induced simple coarse structure on X as described in 3.4. 1.) The uniform dimension ofX \ X is at most the asymptotic dimension of X.
2). If the uniform dimension ofX \ X equals k ≥ 0, then the asymptotic dimension of X is at most 2 + 3 · k.
Proof. Let A :=X \ X andĀ := A × [0, 1] with the l 1 -metric. Using 7.8 we can see that X is coarsely equivalent toĀ\A×{0}, so we may simply assumeX = A×[0, 1] and X = A × (0, 1]. 1). Assume the asymptotic dimension of X is k. Consider the cover of X defined as {B(x, 1/n) × [1/(n + 1), 1/n]} x∈X,n≥1 . It has a uniformly bounded coarsening V such that each point x ∈ X belongs to at most k + 1 elements of V. Given r > 0, there is t ∈ (0, 1] with the property that every element of V intersecting A × {t} is of diameter less than 1/(2r). Consequently, the restriction of V to A × {t} gives a uniform refinement of the cover of A × {t} by r-balls such that every point in A × {t} belongs to at most k + 1 elements of that cover. 2). Suppose the uniform dimension of A is k. Find a decreasing sequence of positive numbers {δ n } n≥1 with the property that the cover of A by 1/n-balls has a refinement V n and the cover of A by δ n -balls is a refinement of V n . Moreover, each point x ∈ A belongs to at most k + 1 elements of V n .
Suppose U is a uniformly bounded cover of A × (0, 1]. Put V −1 = V 0 = {A}, δ 0 = δ −1 = ∞, and µ 0 := 1 = µ −1 . We plan to find a strictly decreasing sequence {µ n } n≥0 in (0, 1] and a strictly increasing sequence {α(n)} n≥0 of non-negative integers so that the cover
is a uniformly bounded cover of A × (0, 1] and each point belongs to at most 3k + 3 elements of W.
The crucial property we want to achieve is that if U ∈ U intersects A×[µ n+1 , µ n ], then it is contained in A × (µ n+2 , µ n−1 ) and U is of diameter at most δ α(n−1) /2 which will guarantee that U is contained in an element of V α(n−1) × (µ n+2 , µ n−1 ].
Put µ 1 = 1/2, α(0) = 0, and choose µ 2 < µ 1 so that st(A × [µ 1 , µ 0 ], U) ⊂ A × (µ 2 , 1].
Inductive step: Given µ n+1 for some n ≥ 1 find t > 0 so that st(A×[µ n+1 , 1], U) ⊂ A×(t, 1]. Find m > α(n+1) to achieve δ m < µ n+1 −µ n and put α(n+2) = m. Then find µ n+2 < t so that U ∩ (A × (0, µ n+2 ]) = ∅, U ∈ U, implies diam(U ) < δ α(n+2) /2. Now, if U ∈ U intersects A × [µ n+2 , µ n+1 ], then it is contained in A × (µ n+3 , 1]) and, since diam(U ) < δ α(n) /2 < µ n+1 − µ n , U ⊂ A × (µ n+3 , µ n ]. . Consider the induced simple coarse structure on X as described in 3.4. If the covering dimension of A equals k ≥ 0, is the asymptotic dimension of X is at most k + 1? Observation 7.14. One can use the idea of 7.11 to introduce new topological properties of compact metric spaces X via coarse properties of X × (0, 1] equipped with the simple coarse structure as described in 3.4. In case a coarse property P is defined for metric spaces M only one can generalize it to arbitrary large scale spaces Y as follows: Y has property P if given a uniformly bounded cover U 1 of Y there is a sequence {U n } n≥1 of uniformly bounded covers of Y so that st(U n , U n ) refines U n+1 and Y equipped with the coarse structure generated by {U n } n≥1 (which is metrizable) has property P.
Uniform structures on subsets of ends
In [5] a uniform structure is defined on the space of ends that can be extended to a coarse embedding from the natural numbers to X. Proposition 60 there claims this uniformity has a countable base. However the second part of the proof directly contradicts the following: Proof. Assume S is countable. We may assume R is always natural. Also, we may replace N by any countable set, so let us replace it by N × N. Thus, S ⊂ R N×N + and, for every ξ : N × N → R + , there is λ ∈ S and R ∈ N such that ξ(i) − λ(i) ≤ R for all i. Enumerate elements of S as λ i,R and define ξ(i, R) = λ i,R (i, R) + R + 1.
Notice that particular ξ does not have any pair λ ∈ S, R ∈ N so that ξ(i) − λ(i) ≤ R for all i.
The aim of the remainder of this section is to offer a way of introducing two basic uniform structures on any quotient space of a subset E of simple ends of a proper metric space X (and this way can be easily generalized to arbitrary coarse space X compatible with a locally compact topology on X).
Let q : E → F be the quotient function on a subset E of simple ends of a proper metric space X. Since E ⊂X N , whereX is the Higson compactification of X, and X N is a compact space, it has the unique uniform structure inducing the topology onX N . E inherits that uniform structure. Now we have two options: 1. Declare f : F → M , M a compact metric space, to be uniformly continuous if and only if f • q is uniformly continuous. 2. Declare f : F → M , M a metric space, to be uniformly continuous if and only if f • q is uniformly continuous.
It is likely 1) is related to the uniform structure discussed in [5] .
